Abstract-This paper describes a closed-form algorithm of recovering the projected centers of a parallel circle-pair from one image. By using the common tangents of a circle-pair as the key helper for solving the problem, we have developed an algorithm that only uses real, visible and concrete geometrical features for describing itself and for representing the intermediate results. This makes the jobs of checking the behavior or verifying the intermediate and the final results easy. This characteristic greatly improves the reliability of our algorithm when applied to noisy images. We have checked the behavior of our algorithm in various camera settings and the influence of image noise using simulated images and real images, and compared ours with the algorithm that uses two concentric circles and the algorithm that uses three circles.
I. INTRODUCTION
Estimating the accurate locations of reference points or markers in images is a fundamental requirement for camera calibration, 3D shape modeling, motion recovery and many other computer vision based applications. A circle has many unique advantages when used as a reference object or a marker: 1) It is big. Compared with a corner or a common point of two lines, a circle has much more points (pixels on the locus). This makes it easy to estimate its location accurately. 2) A circle has a full symmetrical shape. Because of this, the whole structure of a circle can be recovered even when only part of it is visible.
Circles have been widely used for camera calibration or as markers in augmented Reality [11] [7] . For instance, JS.Kim et al. [10] used concentric circles for camera calibration. They used the rank properties of degenerate conics to recover the affine and Euclidean structures, including the projected center of circles. A.Datta et al. [6] used the centers of circles as control points for camera calibration. They used the centers of ellipses in image as the projected centers of circles. This is not correct in general and is only an acceptable approximation when the ellipses in images are small enough.
Z.Zhao et al. [16] and Z.Zheng et al. [17] estimated the projected centers of planar circle grid and used them for camera calibration. Their method required at least three circles. Q.Chen et al. [3] and D.Chen et al. [2] estimated the projected centers of two co-planar circles and recovered the Euclidean structure of the plane in a single image, and used the results to build a reference 3D coordinates system. They assumed that all the intrinsic camera parameters except the focal length have been calibrated already.
In this work, we proposed a straight forward and non-trial method for recovering the projected centers of parallel circlepairs in a single image taken by an un-calibrated camera. As far as we have investigated, we have not discovered any paper that estimates the projected centers of two non-concentric parallel circles.
In order to develop a robust and easy to use algorithm, we want to restrict the input, the intermediate results and the final results to real and visible geometrical features, such as points, lines and so on. Doing so makes both the design of a robust algorithm and the debug become easy since real geometrical features have intuitive meaning and can be visualized easily. This characteristic greatly improves the reliability of our algorithm when applied to noisy real images.
II. RECOVERING THE PROJECTED CENTERS OF PARALLEL

CIRCLE-PAIR
In our algorithm,
• the common tangents of the two circles, which can be estimated and verified easily in the image plane, are used as the key to solve our problem.
• the points that the common tangents touch the circlepairs are used to estimate a vanishing point, which is then used to determine the line passing through the centers of the circles.
• another vanishing point is determined by using the line passing through the centers. The line at infinity is then determined and used to calculate the centers of the circles.
A. Common tangents of parallel two circles
General properties of conics and conic envelopes can be found in textbooks about projective geometry [8] [9] . Considering two co-planar or parallel circles that they do not enclose 2 . Then the common tangents, which are the tangent lines of both circles simultaneously, can be determined by solving the simultaneous equations (eq.1),
where t is the parameters in homogeneous coordinates of the common tangent line described by eq.2.
where p is the point on the line in homogeneous coordinates. For simplicity, we use degenerate conics to solve eq.1. The degenerate conics are the members of the pencil Q −1
where λ is the generalized eigenvalue of ( Q −1
) that can be determined by solving
As shown in Fig.2 , the degenerate members are the pairs of the common points on the common tangent-pairs: (l 12 , l 34 ), (l 13 , l 24 ) and (l 14 , l 23 ), which can be obtained by decomposing degenerate conics[13] into pairs of column vectors (l, m): Q −1
The the common tangents t 1 , t 2 , t 3 , t 4 can be calculated with any two degenerate members. For example, if we use the first two, (l 12 , l 34 ) and (l 13 , l 24 ), then the common tangents can be calculated by We use "×" to denote the operator of cross product. As shown in Fig.2 , if we use p ij to denote the point that the tangent t i touches circle Q j , then p ij can be calculated with
B. Determining the outer coincident tangents of two circles If two circles do not enclose each other, there are always two common tangents that the both circles are on the same side (t 1 , t 4 in Fig.2 ). We call the common tangents of this kind as outer tangents. The others, either they have circles on both side of them (t 2 , t 3 in Fig.2 ) in the case that the two circles are disjointed or touch at one point (have one real common point), or are imaginary ones that the parameters of them contain complex numbers if the two circles intersect (have two common points).
Since all points on a circle Q j except p ij are on the same side of a tangent t i , it is enough to check the relation between any one point on Q j and t i for telling which side of t i that Q j is on.
Therefore, the outer tangents can be obtained by selecting the ones among (t i , i = 1, 2, 3, 4) that 1) t i only contains real elements, and
C. Determining the line passing through the centers of two circles In order to recover the centers of the two circles, we want to determine the line that passes through the two centers of them. As shown in Fig.3 , since the mid-point (m 1 ) of the line segment p 11 p 41 and the mid-point (m 2 ) of the line segment p 12 p 42 are also on the line that passes through the two centers, we use m 1 and m 2 to determine that line. Since p 11 p 41 and p 12 p 42 are parallel in 3D space, the vanishing point n 1(∞) , which is the projected point at infinity, can be calculated with
Here, n1(∞) is described and calculated in homogeneous coordinates, thus it can be computed numerically even when it is really at infinity. The distance p 41 m 1 and p 42 m 2 can be calculated according to the in-variance of the cross ratio of four colinear points. In the case that n 1(∞) has finite Cartesian coordinates (the third element of n 1(∞) is not zero), they can be calculated with
and
in the case that n 1(∞) is a point at infinity (the third element of n 1(∞) is zero), they can be calculated with
here, the distance between two point a and b is denoted by ab and all the calculations in eq.8-eq.11 are carried out in Cartesian coordinates.
The mid-points m 1 and m 2 are then calculated with
Then the line that passes the two centers is obtained with
D. Recovering the line at infinity
Once the line l cc that passes through the two centers has been determined, we find the common points (c 11 , c 12 ) of Q 1 and l cc , and the common points (c 21 , c 22 ) of Q 2 and l cc by solving the following equations. where x = 1, 2. We number the c 1x and c 2x to let them obey
Since
Then the line at infinity l ∞ can be determined with n 1(∞) and n 2(∞) :
E. Determining the centers of two circles Since the center and the line at infinity are in the polepolar relationship, the two centers can be calculated with l ∞ as follows.
III. EXPERIMENTS
We have experimented our algorithms using both simulated images and real images and have compared the performance of ours with the algorithm [10] that uses concentric circles and the one [16] [17] that uses more than two circles. Since the input data for the three algorithms is different:
Two circles: Our algorithm that uses two separated circles; Concentric circles: Algorithm [10] that uses two concentric circles;
Three circles: Algorithm [16] [17] that uses more than 3 circles, in order to do the comparison as fair as possible, we have prepared a variety of test patterns with different geometrical arrangements : 1) for ours and the one that use concentric circles, we change the radius of one circle among the two; 2) for the algorithm that uses three circles, we change the radius of one circle and the angle between the lines connecting the pairs of the circle centers.
We generated test images by changing the tilt angle from 10 degree to 80 degree and the pan angle from 0 to 360 degree for each pattern then used them to test the performance of each algorithm. We also compared the estimation errors given by our algorithm with the other two algorithms using real images of the patterns similar to the ones used for generating the simulated images.
More input images and the results of the experiments described here can be found in the supplement material of this paper. We also showed two example applications of our algorithm there.
A. Experiments using simulated images
We have used simulated images to investigate the location error of the circle centers caused by the factors including the radii of circles, the relative position between circles, camera pose and image noise.
The size of the simulated images was 1280 × 960 pixel and the intrinsic matrix of the camera was We first investigated the influence of the change of the radius of one circle. For the algorithm using two circles (ours and the one using concentric circles) we fixed the radius of one circle and for the algorithm that uses three circles, we let two circles have the same fixed radius. We changed the radius of one circle and for each radius we generated a set of noise free images by changing the tilt angle from 10 degree to 80 degree and the pan angle from 0 to 360 degree. Fig.5 shows some examples of the simulated images used to test the three algorithm, and Fig.6 shows the average errors of circle centers estimated by the three algorithms, for each radius of the variable circle, which is indicated by the ratio of the radius of the two or the three circles (referenced as radius ratio in this paper hereafter). We confirmed that the estimation error given by our algorithm and the one using three circles was not sensitive to radius ratio, while the algorithm using concentric circles suffered when the two circles had similar radii.
In order to compare the robustness against image noise of our algorithm with the other two, we added Gauss noise to the coordinates of the detected edge points of the ellipses before using fitEllipse in OpenCV to estimate the parameters of the ellipses. The radius ratio for testing ours, the one using concentric circles and the one using three circles was 0.5 : 1, 0.5 : 1 and 0.5 : 1 : 1, respectively. For the algorithm using three circles, we also experimented it with three different settings: the angle of the polyline passing the centers of the blue-green-red circles was set to 90, 135 and 150 degree, as shown in Fig.7 . We let the standard deviation (σ) of Gauss noise change from 0.5 to 4.5 pixel. For each σ we generated a set of images by changing the tilt angle from 10 degree to 80 degree and the pan angle from 0 to 360 degree, then used them to estimated the centers of the circles. Fig.8 showed the average errors for each σ. In this experiment, the algorithm using concentric circles gave the best result and ours followed. The errors given by the algorithm using three circles increased when the angle between the three circles towards 180 degree. However, all the tested algorithms showed stable behavior and gave acceptable results. 
B. Experiments using real images
The test patterns are shown in fig.9 . In the experiments, the radius ratio of circles was set to 0.8 : 1 for our method and the one using concentric circles, and 0.8 : 1 : 1 for the ones using three circles. We used the (top left white, bottom black), (top left white and black) and (top left white, top right black, bottom black), for testing each algorithm respectively. The estimation errors of each algorithm were calculated by using the results of the bottom white circle and the "cross" marker at its center as ground truth.
All the real images used in the experiments were taken by a Nikon D90 (CCD: 23.6 × 15.8 mm) SLR camera with a f = 50mm (9084 pixel) lens. The image size was 4288 × 2848 pixel. The lens distortion was corrected with the built in functions of the camera.
In order to obtain the ground truth of the centers of circles, we drew a small circle and a cross marker in each circle to indicate the real position of the centers of circles, as shown in fig.10 . The location errors of the centers being estimated were calculated with the position of this cross marker. Since the position of the cross marker was read out from the image directly, it was difficult to obtain sub-pixel precision coordinates of the marker.
We first set the tilt angle to 40 degree and took many images using different pan angle. Similar to the second experiment using simulated images, we also used three different pattern to test the algorithm using three circles (top row in Fig.9 ). The experimental results using this image set are shown in Fig.11-13 . The algorithm using three circles showed the similar behavior as have shown in the experiment using simulated images: the errors also increased when the angle between the three circles towards 180 degree.
We then set the tilt angle to 60 degree and took many images using different pan angle. The experimental results using this image set are shown in Fig.14, 14 . Compared to the results of the case that the tilt angle was 40 degree, all the three algorithms gave better results.
The experimental results using this image that the tilt angle was set to 90 degree are shown in Fig.15 . In this case, all circles showed circles in stead of ellipses. In this special case, the algorithm using concentric circles showed unstable behavior. 
IV. CONCLUSIONS
In this paper, we have described a straight forward, stable and easy to implement method for recovering the projected centers of parallel circles. We have shown that by using common tangents as the key to solve the problem, many important geometrical information, such as line at infinity and the centers of circles, could be recovered by only using real and visible geometrical features. We think this discovery is very meaningful to the computer vision research that uses circular features, because it makes the algorithm "visible" thus can be visualized and verified easily, and may help people to discover "new things". The experiments using simulated images and real images have shown that our algorithm was stable and could give competitive results compared with the other tested algorithms. Moreover, compared with concentric circle based algorithm and the one that requires more than two circles , the input of our algorithm is less restrictive. This makes that our algorithm be applied to a wider range of applications where strong constraints such as concentric circles or more than two circles are not available.
